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Abstract 15 

This study evaluates the CrVI breakthrough behaviors of a continuous-flow column 16 

packed with composite chitosan-MWCNTs-iron beads under various operating conditions. Under 17 

the tested range of experimental parameters, a maximum of 54% of CrVI removal was achieved 18 

at: water flow rate, 1 mL/min, feed CrVI concentration, 30 mg/L; and packed bed height 8 cm. A 19 

homogeneous surface diffusion model (HSDM) involving convection-dispersion and diffusion 20 

equations was formulated, numerically solved, and experimentally validated. The high degree of 21 

conformity between the calculated and experimental breakthrough curves also facilitated the 22 

determination of the mass transfer parameters including axial dispersion DL, (1.30×10-8 to 23 

1.56×10-7
 m2/s) and surface diffusion Ds, (7.28×10-11 to 1.80×10-10 m2/s) via an error minimizing 24 

approach. The DL value was a function of molecular diffusion, which varied with the flow 25 

velocity, mass loading, and bed height. The Ds values were slightly higher than those previously 26 

reported, owing to the heterogeneous nature of the adsorbent. The external film diffusion 27 

coefficient (kf) was also determined by using Wilson-Geankoplis empirical correlation, which 28 

was recognized as a rate-controlling factor during CrVI mass transfer to the adsorbent beads. 29 

Furthermore, sensitivity analysis showed that a transition from diffuse- to shock-front occurred 30 

with a decreasing DL, while a decrease in the slope of breakthrough curves was observed by 31 

decreasing Ds and bed porosity, and increasing kf and Langmuir parameters. Lastly, the study 32 

demonstrated a high correlation between utilization of fractional bed capacity and axial Peclet 33 

number. This method is suitable for optimizing operating conditions to maximize the utilization 34 

of a fixed-bed columns. 35 

 36 
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1. Introduction 39 

To date, activated carbon adsorption remains the most widely used method for removing 40 

toxic heavy metal ions from impaired water due to its reliability, operational versatility, and low 41 

cost [1]. The development of convection-dispersion-diffusion models has markedly facilitated 42 

the design and prediction of field-scale packed-bed systems loaded with activated carbon and 43 

other materials with high specific surface area [2,3]. In a dynamic adsorption process, a 44 

continuous solute flow passes through a column packed with specific adsorbents. A 45 

breakthrough curve for the column adsorption process can be calculated from the ratio of metal 46 

ions concentrations at outflow and inflow of the column as a function of time. The higher 47 

specific surface area, often combined with appropriate surface charges, generally allows such 48 

systems to capture heavy metal ions effectively. The microporous characteristic of these 49 

materials generating their high surface area is also responsible for the rate-limiting mass transfer 50 

of molecules once they reach the solid surface. Such mass transfer phenomenon has been 51 

conceptually and mathematically described by film transfer, surface diffusion, and pore 52 

diffusion. Incorporating the various mass transfer mechanisms into the convection-dispersion-53 

diffusion models has proven effective in delineating the packed-bed column breakthrough 54 

behaviors [4–9]. 55 

The recent material advances trend towards modifying functional components by 56 

crosslinking and grafting to improve both adsorption performance and regeneration. Such 57 

engineered composite materials aim to either increase adsorption sites or to be selective to a 58 

specific contaminant in water matrices when tested either in batch or continuous process. For 59 

instance, researchers have identified several types of materials for uptake of Cr and other heavy 60 

metal ions with excellent selectivity, high uptake capacity and fast adsorption kinetics at low 61 
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concentrations of metal ions. These materials includes chitosan flakes [10], cross linked chitosan-62 

iron(III) composite [11] iron decorated MWCNTs modified with chitosan film [12], Chitosan 63 

coated carboxylic-MWCNTs [13], chitosan modified magnetic graphene oxide [14], MWCNTs 64 

grafted with polypropylene-amine [15], amino functionalized graphene oxide [16], tailor made 65 

polymer nanoparticles [17], and mesoporous silica functionalized with thiol group [18]. The 66 

sorbent materials mentioned above have demonstrated excellent adsorption performances. 67 

However, these studies lack the rigor to provide an in-depth analysis of detailed adsorption and 68 

mass transfer mechanisms, and so their results can only be used for case-specific projections. 69 

Recently, our research group prepared an encapsulated chitosan-modified, iron oxide-70 

carbon nanotubes (CS/MWCNTs/Fe) beads for the uptake of aqueous phase CrVI, the more toxic 71 

and mobile state of chromium ions as compared to CrIII [19,20]. The beads were characterized by 72 

using field emission scanning electron microscope (FE-SEM) coupled energy dispersive 73 

spectrometer (EDS) for morphological topography and elemental mapping, Fourier-Transform 74 

infrared (FTIR), powder X-ray diffractometer (XRD), and X-ray photoelectron spectroscopy 75 

(XPS) for physical and chemical properties, and thermogravimetric and differential thermal 76 

analysis (TGA and DTA) for thermal stability of the beads. These “beads” exhibited the following 77 

properties: density, 1.38 g/cm3; average diameter, 1.0 mm; pHPZC, 5.0 (indicating the acid nature 78 

of its surface that would be positively charged if pH < pHPZC), maximum CrVI adsorption capacity, 79 

119 mg/g at pH 4.0; and 80% of CrVI removal efficiency after five cycles of adsorption-desorption 80 

process. The beads also exhibited good stability within the pH range of ~1 to ~9 where marginal 81 

weight loss was observed. The presence of MWCNTs offered enhanced porosity, surface area, and 82 

supporting functional groups (hydroxyl and carboxyl groups). The electrostatic interactions and 83 

the complexation between CrVI ions and amine groups incorporated in chitosan (CS) worked 84 
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synergistically in the CS/MWCNTs/Fe beads. Further confirmed by XPS analysis, the evolution 85 

of CrIII indicates a possible charge transfer effect of FeII and/or FeIII mediated through conductive 86 

carbon nanotubes, leading to the reduction of CrVI ions [19]. We further performed packed-bed 87 

column studies and fitted the breakthrough data with various empirical, one-phase resistance 88 

models such as the Thomas, Yoon-Nelson, and Adams-Bohart models. While these empirical 89 

models fitted well with the experimental data and provided first-level information on the 90 

adsorption rate, removal capacity, and service time of the adsorbent bed, they are highly case-91 

specific and only account for global mass transfer. In addition, packed bed column process showed 92 

a selective adsorption of CrVI ions in the presence of CuII, CdII and PO4
3- [20] (see Fig. S1 for 93 

removal mechanism).  94 

Considering the heterogeneous nature of the composite materials for heavy metal ion 95 

adsorption, one has to hypothesize that the underlying mass transfer steps differ from those well-96 

established for homogeneous, microporous activated carbon. Therefore, this study aims to 97 

elucidate the mass transfer mechanisms involved in packed-bed columns loaded with 98 

CS/MWCNTs/Fe beads to uptake CrVI from synthetic solutions. Specific objectives are: (i) To 99 

apply the convection-dispersion-diffusion model determining the rate-limiting mass transport 100 

steps, including axial dispersion, external mass transfer, intraparticle diffusion limitations, and 101 

velocity variations along the fixed-bed column. Specifically, we hypothesize that the 102 

homogeneous surface diffusion (HSDM) model would best describe the mass transfer process in 103 

this application. (ii) To validate the model using experimentally derived CrVI breakthrough 104 

curves under the influence of flow rate, feed CrVI concentration, and bed height by optimizing 105 

major design parameters such as the axial dispersion and surface diffusion coefficients. (iii) To 106 
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optimize the column operation by correlating utilization of fractional bed capacity (FBCU) and 107 

axial Peclet numbers (Peax) at varying experimental conditions. 108 

 109 

2. Materials and Methods 110 

2.1 Column breakthrough studies 111 

A glass column with an internal diameter of 2 cm and a length of 14 cm was used to 112 

conduct continuous adsorption tests under the following experimental conditions: volumetric 113 

flow rate, 1, 2, 3, and 4 mL/min; bed height, 4, 6, and 8 cm; inlet CrVI concentration, 30, 50, and 114 

100 mg/L. The columns were packed with the CS/MWCNTs/Fe composite beads, whose 115 

preparation method, material characteristics, and adsorptive capacity were reported in our 116 

previous study [19,20]. Throughout these experiments, the optimized pH value of 4 was 117 

maintained, as this was the pH value achieving the optimal equilibrium adsorption capacity for 118 

CrVI [19]. After packing with the CS/MWCNTs/Fe beads to a prescribed height, the CrVI solution 119 

of predetermined concentrations and pH were fed to the column using a peristaltic pump 120 

(EYELA MP-2000, Japan) with specified flow rates in the downward direction. The influent and 121 

effluent samples collected were analyzed for residual CrVI ions using a spectrophotometer 122 

(T60UV-Visible Spectrophotometer, U.K.) at the wavelength of 540 nm, with diphenylcarbazide 123 

as a colorimetric reagent [20]. 124 

The performance of the fixed-bed column can be evaluated in terms of breakthrough 125 

behavior, determined by plotting Ct/C0 (ratio of outlet to inlet concentration) against time t. Here, 126 

Eq. 1 sets out the expression for percent removal of CrVI ions by the adsorption column: 127 

𝑅 (%) = (
𝑞𝑡𝑜𝑡𝑎𝑙

𝑚𝑡𝑜𝑡𝑎𝑙
) × 100%     Eq. 1 128 
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where, qtotal (mg) and mtotal (mg) are the amount of total CrVI ions adsorbed in the column and 129 

that passed through the column, respectively. They can be determined using the following 130 

equations: 131 

𝑞𝑡𝑜𝑡𝑎𝑙 =
𝑄𝑣

1000
∫ (𝐶0 − 𝐶𝑡)

𝑡=𝑡𝑡𝑜𝑡𝑎𝑙

𝑡=0
𝑑𝑡    Eq. 2 132 

𝑚𝑡𝑜𝑡𝑎𝑙 =
𝐶0𝑄𝑣𝑡𝑡𝑜𝑡𝑎𝑙

1000
      Eq. 3 133 

where Qv is the volumetric flow rate (mL/min), C0 (mg/L) is the influent concentration, and ttotal 134 

(min) is the total operating time of the column. Other experimental parameters are breakthrough 135 

time (tb) and saturation time (ts), herein defined as the time required to reach Ct/C0 of 0.05 and 136 

0.95, respectively. 137 

2.2 Model conceptualization and formulation 138 

Fig. 1 shows the graphical representation of the model and phenomenology of the 139 

adsorption process. Principally, we adopted the convection-dispersion equation, coupled with 140 

diffusion and adsorption inside the particles, to depict the governing mass transport dynamics of 141 

the fixed-column mathematically. The equation accounts for the effects of key operational 142 

parameters such as the superficial flow velocity, bed height, feed concentration, and packing 143 

porosity. Furthermore, we conceptualized that surface diffusion dominates the intraparticle mass 144 

transfer considering the low particle void fraction exhibited by the CS/MWCNTs/Fe composite 145 

particles. This hypothesis is driven by the particle characteristics with predominantly micropores 146 

distributed across a particle, where CrVI is captured by the rich amine and hydroxyl functions 147 

groups of CS and MWCNTs. Pore diffusion, which occurs when molecules are migrated from 148 

the particle’s interior to reach the micro-structured surfaces through the bi-disperse pore structure 149 

of the particles, can therefore be neglected. The importance of experimental parameters lies in 150 

determining the performance of the adsorbent beads in capturing CrVI ions. However, designing a 151 
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process that merely measures these parameters is inadequate, and prediction of breakthrough 152 

behavior of the effluent is needed. Mathematical models can help to explain the kinetics of fixed-153 

bed columns and analyze the characteristics of the adsorption breakthrough curve. Modeling 154 

usually describes the mechanisms involved in the mass transfer process, and therefore, it assists 155 

in predicting the overall efficiency of the process, which in turn supports the scaling-up of the 156 

process from laboratory to pilot scale and finally to field applications.  157 

Based on the following assumptions, the mathematical model is formulated to explain the 158 

transport and removal of CrVI in a fixed-bed column: 159 

1. The system operates in isobaric and isothermal conditions. 160 

2. Axial dispersion along the longitudinal axis is taken into account, and the axial flow is 161 

uniform across the cross-sectional area of the column. 162 

3. Sphered-shaped adsorbent particles are uniform in size and density, and column void 163 

fraction remains constant during the adsorption process. 164 

4. Surface diffusion dominates the intraparticle mass transfer where solid-liquid equilibrium 165 

is characterized by the Langmuir adsorption isotherm [19]. 166 

5. The physical properties of the adsorbents and liquid-phase remain constant. 167 

6. The system does not undergo any chemical reaction. 168 

By applying the liquid-phase mass balance, i.e., Accumulation = Output - [Input + 169 

Generation due to mass transfer], one can express the one-dimensional convection-dispersion 170 

equation as follows: 171 

𝜕𝐶(𝑧,𝑡)

𝜕𝑡
= 𝐷𝐿

𝜕2𝐶(𝑧,𝑡)

𝜕𝑧2 − 𝑉𝑠
𝜕𝐶(𝑧,𝑡)

𝜕𝑡
−

(1−𝜀𝑏)

𝜀𝑏
𝜌𝑏

𝜕𝑞(𝑧,𝑡)

𝜕𝑡
  Eq. 4 172 

The last term represents the generation term, 
𝜕𝑞(𝑧,𝑡)

𝜕𝑡
 being the solid mass transfer rate and 

𝜕𝐶(𝑧,𝑡)

𝜕𝑡
 173 

being the accumulation term in the column bed. In the equation, DL (m2/s) is the axial dispersion 174 
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coefficient, z (m) is the length of the longitudinal axis of the bed, Vs (m/s) is the interstitial 175 

velocity, t (h) is the time of column operation, and 𝜀𝑏 is the bed porosity. Furthermore, the last 176 

term in Eq. 4 is related to the mass transfer of CrVI ions driven by the concentration gradient 177 

across the stagnant boundary layer of the adsorbent particle: 178 

𝜌𝑏
𝜕𝑞(𝑧,𝑡)

𝜕𝑡
=

3𝑘𝑓

𝑅𝑝
(𝐶(𝑧,𝑡) − 𝐶((𝑧,𝑡,),𝑟=𝑅𝑝)))    Eq. 5 179 

where kf (m/s) is the film mass transfer coefficient, Rp (m) is particle radius and Cs (mg/L) is the 180 

concentration of CrVI ions at the surface of adsorbent particle. Eq. 5 can be substituted into Eq. 4 181 

to obtain: 182 

𝜕𝐶(𝑧,𝑡)

𝜕𝑡
= 𝐷𝐿

𝜕2𝐶(𝑧,𝑡)

𝜕𝑧2 − 𝑉𝑠
𝜕𝐶(𝑧,𝑡)

𝜕𝑡
−

(1−𝜀𝑏)

𝜀𝑏

3𝑘𝑓

𝑅𝑝
(𝐶(𝑧,𝑡) − 𝐶𝑠((𝑧,𝑡),𝑟=𝑅𝑝))  Eq. 6 183 

The following initial and boundary conditions were applied to the column inlet and 184 

outlet: 185 

𝐶(𝑧, 𝑡 = 0) = 0       Eq. 7a 186 

𝜕𝐶(𝑧=0,𝑡)

𝜕𝑧
=

𝑉𝑠(𝐶(𝑧=0,𝑡)−𝐶0)

𝐷𝐿
      Eq. 7b 187 

𝜕𝐶(𝑧=𝐿,𝑡)

𝜕𝑧
= 0       Eq. 7c 188 

The mass balance equation for concentration profiles inside the adsorbent particle 189 

accounting for surface diffusion in the radial direction is given as follows: 190 

𝜕𝑞(𝑟,𝑡)

𝜕𝑡
=

𝐷𝑠

𝑟2

𝜕

𝜕𝑟
(𝑟2 𝜕𝑞(𝑟,𝑡)

𝜕𝑟
)      Eq. 8 191 

where Ds (m2/s) is the surface diffusion coefficient and r (m) is the radial coordinate. The 192 

corresponding initial and boundary conditions are given as follows:  193 

𝑞(𝑟, 𝑡 = 0) = 0      Eq. 9a 194 

𝜕𝑞

𝜕𝑟
(𝑟 = 0, 𝑡) = 0      Eq. 9b 195 
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𝑞(𝑟 > 0, 𝑡) = 𝑞𝑒      Eq. 9c 196 

𝜌𝑏𝐷𝑠
𝜕𝑞

𝜕𝑟
(𝑟 = 𝑅𝑝, 𝑡) =

1−𝜀

𝜀
𝑘𝑓(𝐶(𝑧,𝑡) − 𝐶𝑠((𝑧,𝑡),𝑟=𝑅𝑝))  Eq. 9d 197 

To describe the fluid and solid-phase equilibrium at the surface of the adsorbent particle, 198 

we used the Langmuir isotherm, expressed in Eq. 10 and computed in our previous study [19]. 199 

𝑞𝑒=
KL 𝑞𝑚𝑎𝑥 𝐶𝑠

1+KL  𝐶𝑠
        Eq. 10 200 

where KL (L/mg) and qmax (mg/g) are the equilibrium constant and maximum adsorption 201 

capacity, respectively.  202 

The model equations that account for the effects of axial dispersion, film diffusion, and 203 

surface diffusion are generally referred to as the homogeneous surface diffusion model (HSDM). 204 

Previous studies have described the kinetics of fixed-bed columns by using numerical models 205 

that include external and internal mass-transfer limitations with a non-ideal plug flow ignoring 206 

axial dispersion [2,3,21–23]. Nonetheless, axial dispersion remains a crucial aspect along with 207 

the column domain. Concerning the mass transfer process, empirical correlations involving 208 

dimensionless numbers such as Reynold number (Re), Schmidt number (Sc), Sherwood number 209 

(Sh), and Biot number (Bi) are helpful for evaluating the rate-limiting steps. These dimensionless 210 

parameters are given as follows: 211 

Sh =
1.09

𝜀𝑏
𝑅𝑒0.33𝑆𝑐0.33 , for 0.00015 < Re < 55  Eq. 11 212 

where 𝑅𝑒 =
𝑉𝑠𝜌𝐿𝑑𝑝

𝜇
 and 𝑆𝑐 =

𝜇

𝐷𝑚 𝜌𝐿
, in which 𝜌𝐿 (g/L) and µ (g/m⋅s) denote to the density and 213 

viscosity of liquid phase, respectively, Dm (m2/s) and dp (m) denote to the molecular diffusivity 214 

of CrVI ions and particle diameter, respectively. 215 

The film mass transfer coefficient can be calculated using Eq. 12: 216 

𝑘𝑓 =
𝑆ℎ∗𝐷𝑚

𝑑𝑝
        Eq.12 217 
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The breakthrough curves obtained may have a significant effect due to small variations in 218 

kf, which gives the coefficient of sensitivity analysis. With regards to evaluating the sensitivity of 219 

film resistance, the Biot number is applied as follows: 220 

𝐵𝑖 =
𝑘𝑓𝑑𝑝𝐶0

2Ds𝜌𝑝𝑞0
        Eq. 13 221 

where 𝜌𝑝 (kg/m3) is particle density and q0 is the adsorbed CrVI concentration corresponding to 222 

C0. The Biot number determines the influence of intraparticle diffusion compared to mass 223 

transfer across a film layer. When Bi < 1, film diffusion dominates the adsorption rate, whereas 224 

surface diffusion is the major resistance when Bi > 1 [24]. 225 

Numerically solving the model equations (Eq. 4-10) allows for evaluating the mass 226 

transport parameters independently – namely the axial dispersion and surface diffusion 227 

coefficients – by fitting the simulated breakthrough curves with the corresponding experimental 228 

curves. The order of magnitude of these parameters is highly dependent on adsorption rates and 229 

flow conditions, geometric parameters such as bed height, bed porosity, and particle size of the 230 

applied adsorbent as well surface diffusivity of the adsorbate. By including the axial dispersion 231 

term, we calculated the axial Peclet number (Peax) using Eq. 14 and correlated it with other 232 

operational parameters: 233 

Peax =
𝑉𝑠𝐿𝑐

DL
        Eq. 14 234 

where Lc (m) is the characteristic length of the column. 235 

2.3 Numerical solution of the formulated model 236 

COMSOL Multiphysics® (COMSOL, Inc.) version 5.6 was used to solve the model 237 

equations numerically. We employed the Chemical Species Transport (CST) module for one-238 

dimensional (for liquid phase PDE) and two-dimensional (for particle phase PDE) and time-239 

dependent study. The COMSOL solver uses the finite element method to discretize the spatial 240 
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boundaries and adaptive meshing and error control algorithms. In the CST module, a sub-module 241 

(i.e., mass transport of diluted species through porous media) was adopted to incorporate the 242 

convection and diffusion equations within the column domain. Fig. 2 shows a flowchart of the 243 

route followed for the simulation process using COMSOL Multiphysics®. 244 

Fig. 3 illustrates the spatial discretization scheme for implementing the model equations 245 

with corresponding initial and boundary conditions. The one-dimensional geometry of the fixed-246 

bed column was first discretized into a set of smaller elements. To describe mass transfer by 247 

surface diffusion in the radial direction, the one-dimensional mesh was extruded to a two-248 

dimensional mesh for a dimensionless particle radius where the rectangular spatial elements can 249 

be observed. The convection-dispersion equation was used to simulate the distribution of CrVI 250 

ions in the axial direction of the bed. In contrast, the diffusion equation was used to estimate the 251 

mass transport of CrVI ions inside the adsorbent particles. Using the convection-dispersion 252 

equation, the bulk concentration of CrVI ions and the Danckwerts boundary condition (i.e., 𝑛 ∙253 

(−𝐷∇𝐶 + 𝑢𝐶𝑧=0) = 𝑛 ∙ 𝑢𝐶0) are set at the inlet (i.e., C = 0) and convective influx (i.e., 𝑛 ∙254 

𝐷∇𝐶 = 0) at the outlet. The reaction term R was substituted for the mass transfer rate of CrVI 255 

ions at the solid-liquid interface as expressed in the last term of Eq. 6. In addition, for the 256 

diffusion equation, one can assume the following: (i) all solid phase elements were free of initial 257 

CrVI concentration (i.e., q = 0); (ii) the diffusive flux in the center of the particle followed 258 

symmetry (i.e., 𝑛 ∙ 𝐷∇𝑞 = 0); and (iii) the diffusive flux at the outer surface followed a boundary 259 

condition in Eq. 9d (i.e., 𝜌𝑝𝐷𝑠∇𝑞 =
1−𝜀𝑏

𝜀𝑏
𝑘𝑓(𝐶 − 𝐶𝑠)). 260 

2.4 Model validation  261 
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To validate the HSDM model, the first step was to employ the finite element algorithm 262 

solution under various experimental conditions to compute DL and Ds by minimizing the 263 

objective function as follows: 264 

∑ (
𝐶𝑒𝑥𝑝

𝐶0
−

𝐶𝑐𝑎𝑙

𝐶0
)

2𝑛

1
      Eq. 15 265 

where Cexp and Ccal (mg/L) are the experimental and calculated CrVI concentrations, respectively, 266 

at the outlet of the column, and n is the total number of observations. The degree of correlation 267 

between the computed and the experimental data was evaluated based on the values of 268 

coefficient of determination (R2) and the sum of squared error (SSE). The DL values computed 269 

through model fitting were compared with the various correlations reported in the literature. 270 

After validating the model, the sensitivity analysis was performed for the different parameters in 271 

model equations, including mass transfer parameters (DL, Ds, kf), adsorption parameters (qmax, 272 

KL), and geometric parameters (𝜀𝑏). The other hydrodynamic parameters (Peax, Re, Sc, Sh, and 273 

Bi) were not subjected to the sensitivity analysis because they depend on the mass transfer 274 

parameters and were measured from empirical correlations.  275 

 276 

3. Results and Discussion 277 

3.1. Model validation 278 

Table 1 summarizes the numerical values of the key parameters evaluated in the study, 279 

including the control variables (Qv, L, and C0), the resulting breakthrough properties (tb, ts, and % 280 

removal), the fitted mass transfer parameters (DL, Ds, kf) and the corresponding dimensionless 281 

groups (Peax, Re, Sc, Sh, and Bi). The synchrony between ts and tb reflects the symmetric pattern 282 

(S-shaped) of the breakthrough curves. Both ts and tb values markedly decrease with greater 283 

pollutant mass loadings by increasing either the flow rate or the influent concentration. 284 
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Evidently, the theory of moving mass transfer zone (MTZ) applies in this study when CrVI is 285 

introduced into a fixed-bed column, propagating the MTZ towards the column outlet at a 286 

constant velocity. The time difference between breakthrough and saturation (ts – tb), which 287 

characterizes the S-shaped zone of the breakthrough curve, decreases as the inlet CrVI 288 

concentration and flow rate increases. The higher the adsorbate concentration, the faster the 289 

adsorption sites on the adsorbent are saturated.  290 

Fig. 4a-c show that the model and experimental results are well correlated, and that the 291 

convection-dispersion-diffusion model applies appropriately to the fixed-bed columns packed 292 

with CS/MWCNTs/Fe beads, as manifested by the high values of R2 (0.980 to 0.997) and low 293 

SSE values (4.9310-2 to 0.9910-2). The computed mass transfer parameters, namely DL and Ds, 294 

are dependent of the experimental conditions such as flow velocity, bed height, and feed CrVI 295 

concentration. In contrast, the kf value obtained from the empirical correlation changes only with 296 

flow velocity, suggesting that the mass transfer coefficient depends primarily on the 297 

hydrodynamic factors for specific adsorbate-adsorbent systems.  298 

The computed DL values range of 10-8 to 10-7
 m2/s, as indicated in Table 1. As DL is 299 

known to be a function of the adsorbent’s geometry, several theoretical correlations have been 300 

used to estimate the dispersion coefficient based on the characteristics and mass transport 301 

properties of adsorbents and adsorbates [25–31] (details can be found in Table S1). Among these 302 

correlations, Edward and Richardson [25] proposed an empirical expression for estimating DL 303 

values relating to molecular diffusion and eddy diffusion. 304 

𝐷𝐿 = 0.73𝐷𝑚 +
0.5𝑉𝑠𝑑𝑝

1+
9.7𝐷𝑚
𝑉𝑠𝑑𝑝

  for 0.008 < Re < 50 and 0.377 < dp < 6 mm  Eq. 16 305 
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This correlation assumes that molecular diffusion dominates at low Re values, while eddy 306 

diffusion dominates at high Re values. The value of Dm can be calculated from the following 307 

correlation [32]:  308 

𝐷𝑚 = 2.74 × 10−9(𝑀𝑤)−1/3      Eq. 17 309 

where Mw (g/mol) is the molecular weight of the solute. The Dm value obtained was in the order 310 

of 10-9 m2/s, consistent with what has been reported in the literature [33,34]. The calculated DL 311 

values using Edward and Richardson correlation are within the same range as those obtained by 312 

fitting experimental data using HSDM with a valid Re ranging from 0.020 to 0.079 (Table S1). 313 

These findings support the model’s applicability for predicting the behavior of breakthrough 314 

curves and determining the mass transfer parameters in the CS/MWCNTs packed column.  315 

The optimal value of Ds was found to be in the range of 10-11 to 10-10 m2/s, which is 316 

slightly higher than those determined in earlier studies using the HSDM (See Table S2). The 317 

changing values of Ds with experimental conditions suggest that this parameter is weakly 318 

dependent on the fluid-solid phase loading. This result deviates from the prevailing assumption 319 

that the surface diffusion coefficient is a constant for a specific adsorbate-adsorption system. For 320 

instance, several researchers reported a constant value of Ds in their fluid-solid phase systems, 321 

whose loading conditions affected the external diffusion but not the intraparticle diffusion, with 322 

the latter identified as the rate-controlling step [24,35–43] (see Table S2 for a comparison of Ds 323 

values). The heterogeneous nature of the adsorbent particles used in this study –macro-pores on 324 

the outer alginate surfaces and meso- and micro-pores on the chitosan and carbon nanotube 325 

surfaces – may have precipitated the varying surface diffusion coefficient. We will corroborate 326 

this argument in the discussion of sensitivity analysis of Ds, section 3.2.1. 327 

3.1.1. Breakthrough responding to varying flow rates 328 
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Fig. 4a displays the experimental and computed CrVI adsorption breakthrough profiles 329 

using varying flow rates (1, 2, 3, and 4 mL/min) and constant bed height (8 cm) and feed CrVI 330 

concentration (30 mg/L). The results indicate that mass transfer parameters such as DL, kf, and Ds 331 

are a function of the flow velocity. The DL increases with flow rate due to local concentration 332 

gradients resulting from non-homogeneities in liquid phase concentrations. It is well established 333 

that, with increasing flow rates, convection-dispersion prevails over molecular diffusion [44]. 334 

However, the lower range of Re (0.020 to 0.079) signifies that molecular diffusion should also be 335 

notable [25]. Considering the low Re values applied in this study and the interrelationship 336 

between axial dispersion and molecular diffusion as described in Eq. 16, the role of axial 337 

diffusion in the column mass transfer process needs to be accounted for. At lower flow rates, 338 

molecular diffusion occurs slowly, decreasing the column’s dispersion significantly, as reflected 339 

by the increase in Peax [45] (Table 1). 340 

The kf value, calculated based on an empirical correlation, increases with flow rates due 341 

to the decrease in mass transfer resistance in the film layer [7]. Consequently, the increases in Ds 342 

value from 7.28×10-11 to 1.74×10-10 m2/s corresponding to the increasing flow rates from 1 to 4 343 

mL/min suggests that surface diffusion is not only the rate-determining step during the mass 344 

transfer process, but external film diffusion also plays a significant role. This is consistent with 345 

the implication of decreasing values of Bi with increasing flow rates. When its value remains less 346 

than unity, film diffusion is the major rate-controlling step during the mass transfer process, 347 

especially in the early phase of the breakthrough. Therefore, it can be deduced that, if film 348 

diffusion is the rate-determining step, the residence time decreases with increasing flow rates 349 

will result in lower CrVI removal (Table 1). 350 

3.1.2. Breakthrough responding to varying bed heights 351 
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Fig. 4b shows the experimental and simulated breakthrough curves of CrVI adsorption 352 

over the range of 4 to 8 cm in bed height, with a constant flow rate (1 mL/min) and feed CrVI 353 

concentration (30 mg/L). The excellent agreement between the simulated and experimental 354 

breakthrough curves supports the model’s suitability under varying bed heights. A greater bed 355 

height tends to increase Peax, minimizing the axial dispersion [46]. Thus, the column gets 356 

saturated earlier with a smaller value of Peax and the saturation time lengthens as Peax increases, 357 

resulting in higher CrVI removal (Table 1). Conversely, the Ds value increases with decreasing 358 

bed height, indicating an increase in intraparticle resistance. This observation can be further 359 

supported by the decreasing Bi values with bed height, suggesting an increased film mass 360 

transfer at lower bed height.  361 

3.1.3. Breakthrough responding to varying influent CrVI concentrations 362 

Fig. 4c shows the adsorption and simulated breakthrough curves obtained for varying feed 363 

CrVI concentrations of 30 to 100 mg/L at a constant flow rate (1 mL/min) and bed height (8 cm). 364 

With decreasing feed CrVI concentrations (100 to 30 mg/L), the slope of the breakthrough curves 365 

decreases. This result is attributed to the smaller mass transfer flux from the bulk to the surface 366 

of the adsorbent caused by a weaker concentration gradient as the driving force in the film 367 

transfer process. Consequently, the assumption of an instantaneous equilibrium following the 368 

Langmuir isotherms holds. The increasing value of Bi with feed CrVI concentration also indicates 369 

a more intense mass transfer at the film layer as compared to the intraparticle mass transfer, 370 

ultimately resulting in the desorption of CrVI ions [7,24] and a decrease in CrVI removal. 371 

 372 

3.2. Sensitivity analysis 373 
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Fig. 5a-f illustrate the sensitivity of the mass transfer and adsorption parameters included 374 

in the HSDM. The sensitivity analysis was performed by varying one parameter and holding 375 

others constant in each simulation. The baseline experimental conditions were: flow rate, 1 376 

mL/min; bed height, 8 cm; and influent CrVI concentration, 30 mg/L. 377 

3.2.1. Mass transfer parameters 378 

Fig. 5a shows that when the DL value was increased from 25% to 90% from its base case, 379 

tb decreased by about 11% to 24%, and ts increased by about 4%, resulting in diffuse solute 380 

fronts. Conversely, when the DL value was decreased from 25% to 90%, the breakthrough curves 381 

sharpened, increasing tb by ~12% to ~50% and shortening ts by ~4% to ~15%. The sharpened 382 

solute front appeared due to minimum mass transfer resistance and decreasing axial dispersion, 383 

indicating the maximal utilization of bed capacity. However, diffuse fronts appeared due to 384 

significant mass transfer resistance and increasing axial dispersion, resulting in lower bed 385 

capacity utilization.  386 

Fig. 5b shows that, when the Ds value was increased from 25% to 90% from the base 387 

value, the extent by which ts reduced increased by about 4% to 8%. Conversely, decreasing the 388 

Ds value in the same range led to a significant decrease in the slope of the breakthrough curves 389 

and the increase in corresponding ts value. However, altering Ds from the base case did not affect 390 

the breakthrough time. This result clearly distinguishes the mass transfer process between the 391 

applied composite beads and other well-established adsorbent materials. For instance, some 392 

researchers determined that altering the Ds values from its base value significantly affected the 393 

breakthrough point of the curve [3,47], while some showed otherwise and treated surface 394 

diffusion as a constant irrespective of experimental conditions [7,24,48]. This study determines 395 

that, with a varying ts value but relatively constant tb value, the initial phase of the breakthrough 396 
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curve experiences minimal surface diffusion resistance. In contrast, film diffusion at the external 397 

boundary layer is a critical rate-limiting step. This result is consistent with the sensitivity of kf; 398 

when its value increased from 25% to 90%, the incipient tb also increased by ~12% (Fig. 5c). 399 

Furthermore, we observed that the slope of the curve exhibited a negative correlation with kf (i.e., 400 

the slope decreased with increasing kf and vice versa). This result revealed that the mass 401 

transport was mainly governed by intraparticle diffusion in the latter part of the breakthrough 402 

curve, while kf controlled the initial breakthrough point. 403 

3.2.2. Adsorption parameters 404 

Fig. 5d and 5e show the sensitivity of the maximum adsorption capacity (qmax) and the 405 

Langmuir constant (KL). Increasing either of the two parameters by an extent from 25% to 90% 406 

of their base values resulted in a change of ts by ~3% to ~7%, while tb remained unchanged. 407 

Contrarily, decreasing the values of these parameters resulted in decreasing tb and ts by ~12% and 408 

~15%, respectively. Evidently, both qmax and KL are key parameters dictating the prolonged 409 

operation of the fixed-bed columns.  410 

Fig. 4f shows the effect of bed porosity in the column. A decrease in bed porosity 411 

resulted in a slightly prolonged breakthrough time. Presumably, lowering the bed porosity leads 412 

to an increase in the surface area within a confined space. By reducing the volume of void 413 

fraction in the bed, the CrVI ions can achieve a longer contact time with the adsorbent particle 414 

and result in a longer saturation time.  415 

 416 

3.3 Utilization of fractional bed capacity 417 

Fig. 6a-h illustrate the iso-concentration contours of CrVI along the length of the 418 

CS/MWCNTs/Fe packed adsorption columns. In these plots, the CrVI concentration near the 419 
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column inlet (x/L ≈ 0) is equal to C0 since this segment is quickly saturated with CrVI ions. The 420 

CrVI concentration decreases as it propagates along the column and finally reaches zero as CrVI 421 

ions are completely adsorbed. This concentration front moves along the column axis over time. 422 

Notably, one can observe the presence of diffuse CrVI concentration profiles in response to 423 

higher bed height (8 cm) and lower solute concentrations – those generated by altering either the 424 

solute mass (30 mg/L) or the flow rate (1 mL/min) (Fig. 6a). The slope of the concentration 425 

profiles further decreased with increasing feed CrVI concentration and flow rate and decreasing 426 

bed height (Fig. 6b-h). Additionally, each of the concentration profiles travels a different 427 

distance in the column during the same interval. Eventually, the column experiences a 428 

breakthrough when CrVI ions are no longer completely adsorbed, leaving a fraction of the bed 429 

unused. For instance, at x/L = 1, the solute front is stopped upon reaching a concentration of 100 430 

mg/L of CrVI ions, even though a significant fraction of the adsorbent bed has yet been fully 431 

equilibrated with the inlet concentration. Observing the area between the concentration profiles, 432 

one can identify that the amount of saturated adsorbent varies with feed concentration, flow rate, 433 

and bed height. Two indicators, namely the stoichiometric length and the MTZ of the adsorbent 434 

bed, can effectively characterize the step-function behavior of column operations. A highly 435 

efficient adsorption column should operate under optimized bed utilization by minimizing 436 

unused bed portions. We herein introduce the concept of “fractional bed capacity utilization” 437 

(FBCU) given by the following expression [49]: 438 

𝐹𝐵𝐶𝑈 = 1 − 0.5
𝑀𝑇𝑍

𝐿
       Eq. 18 439 

FBCU allows the column to be optimized for the time it takes to use its maximum length 440 

while avoiding the addition of extra length that would otherwise result in a sustained 441 

breakthrough. However, CrVI should be transported primarily through convection or axial 442 
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dispersion during its propagation through the utilized length. To investigate this correlation, we 443 

plotted FBCU versus Peax, as shown in Fig. 7. The column experiments performed at various flow 444 

rates, bed heights, and feed CrVI concentrations lead to the following correlations between Peax 445 

and FBCU: 446 

FBCU = 0.0011Peax + 0.5306   for  17.8 ≤  Peax ≤ 119.8  Eq. 19a 447 

FBCU = 0.0008Peax + 0.5713   for  20.0 ≤  Peax ≤ 119.8  Eq. 19b 448 

FBCU = 0.0011Peax + 0.5362   for  7.3 ≤  Peax ≤ 119.8  Eq. 19c 449 

The experiments performed at a low flow rate (low Re) resulted in superior column 450 

utilization (high FBCU). The trend accurately reflected a transition from 1 to 4 mL/min (Re from 451 

0.020 to 0.079) in which an increase in Re correlated linearly with a reduction in the value of 452 

Peax and FBCU (Eq. 19a). The correlation between FBCU and Peax under the influence of varying 453 

bed height is given in Eq. 19b. Due to the significant effect of axial dispersion, FBCU decreases 454 

with decreasing bed height, which results in a linear decrease in Peax as discussed previously. Eq. 455 

19c shows the correlation between FBCU and Peax under the influence of feed CrVI concentration. 456 

With an increasing feed CrVI concentration from 30 to 100 mg/L, almost the same portion of 457 

FBCU was accounted for in the case of increasing flow rate and decreasing bed height. 458 

Additionally, FBCU increases with decreasing the feed CrVI concentration from 100 to 30 mg/L. 459 

Increasing the concentration from 30 to 100 mg/L resulted in a reduced Peax and an increased 460 

inactive zone in the column (smaller FBCU). We concluded that having high values of FBCU is 461 

beneficial to reduce the unused-bed, which can be achieved by either lowering the flow rate or 462 

the feed CrVI concentration, combined with increasing the bed height of the column. 463 

 464 

4.  Conclusions 465 
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The HSDM model was successfully validated with the experimental breakthrough data of 466 

CS/MWCNTs/Fe beads for CrVI removal from the aqueous solution in fixed-bed columns. By 467 

minimizing the objective function between the experimental and calculated breakthrough 468 

profiles, the model also allowed the determination of key mass transfer parameters, including 469 

those describing axial dispersion, surface diffusion, and film transfer, under the influence of flow 470 

rates, bed height, and feed CrVI concentrations. The resulting axial dispersion coefficient varied 471 

in the range between 10-8 and 10-7 m2/s and the diffusion coefficient in the range between 10-11 472 

and 10-10 m2/s. Both ranges agreed well with those reported in the literature and were a function 473 

of the hydrodynamic conditions depicted by the dimensionless Peax. The external film diffusion 474 

was deemed a rate-limiting step in the initial part of a breakthrough, whereas surface diffusion 475 

plays a prominent role in the latter part of the breakthrough. We further introduced the method of 476 

utilization of fractional bed capacity, whose correlation with Peax can characterize the bed 477 

utilization efficiency. Low flow rates, low feed CrVI concentrations, and deeper bed heights 478 

improved the column adsorption efficiency.  479 
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Fig. 1 Conceptual diagram of constructed model 

 



 

 

 

Fig. 2 Process flowchart of the route followed for the simulation process using COMSOL 

Multiphysics®. 

 



 

 

 

 

Fig. 3 Scheme of the implementation of model equations with respective initial and boundary 

conditions in COMSOL Multiphysics® 

  

 



 

 

 

Fig. 4 Breakthrough curves of CrVI adsorption by CS/MWCNTs/Fe beads packed column at (a) 

varying flow rates (feed CrVI concentration, 30 mg/L; bed height, 8 cm), (b) varying bed heights 

(flow rate, 1 mL/min; feed CrVI concentration, 30 mg/L) and (c) varying feed CrVI concentrations 

(flow rate, 1 mL/min; bed depth, 8 cm). All points refer to experimental data and solid lines to 

HSDM model fit
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Fig. 5 Prediction and sensitivity analysis of HSDM model for (a) axial dispersion (DL), (b) surface diffusion (Ds), (c) external film 

diffusion (kf), (d) maximum Langmuir adsorption capacity (qmax) of the adsorbent obtained by the batch tests, (e) Langmuir constant 

(kL) obtained by the batch tests and (f) bed porosity. The experimental conditions were set at flow rate, 30 mg/L; bed height, 8 cm; 

feed CrVI concentration 30 mg/L. The all square boxes refer to experimental data and solid line to sensitivity of HSDM for a specific 

parameter.
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Fig. 6 CrVI concentration profiles along the CS/MWCNTs/Fe beads packed column axis at flow 

rates (a) 1 mL/min, (b) 2 mL/min, (c) 3 mL/min, (d) 4 mL/min at (bed height, 8 cm; feed CrVI 

concentration, 30 mg/L), bed heights (e) 6 cm, (f) 4 cm (flow rate 1 mL/min; feed CrVI 

concentration, 30 mg/L) and feed CrVI concentrations (g) 50 mg/L, (h) 100 mg/L (flow rate 1 

mL/min; bed height, 8 cm) 
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Fig. 7 Utilization of fraction bed capacity (FBCU) verses axial Peclet numbers (Peax) at varying 

flow rates, bed heights and feed CrVI concentrations
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Table 1 Experimental and simulated parameters and mass transfer coefficients of the fixed-bed system 

Qv 

(ml/min) 

L 

(cm) 

C0 

(mg/L) 

tb ts ts-tb 
FBCU 

R 

(%) 

Re 

*102 

Sc 

*10-2 
Sh Peax 

DL 

*108 

Ds 

*1010 

Kf 

*105 

(m/s) 

Bi 

*102 
R2 

SSE 

*102 
(h) (m2/s) 

1 8 30 3.5 11.5 8 0.65 53.63 1.97 1.37 2.26 109.75 1.30 0.73 3.31 4.16 0.993 2.72 

2 8 30 1.5 6 4.5 0.63 55.00 3.95 1.37 2.84 73.89 1.93 1.04 4.17 3.66 0.980 4.93 

3 8 30 0.5 5.5 5 0.55 40.20 5.92 1.37 3.24 27.96 5.10 1.44 4.76 3.03 0.984 3.07 

4 8 30 0.5 4 3.5 0.56 36.85 7.90 1.37 3.57 17.84 7.99 1.75 5.24 2.75 0.997 0.99 

1 6 30 1.5 6.5 5 0.62 45.04 1.97 1.37 2.26 75.08 1.90 1.24 3.31 2.45 0.997 0.97 

1 4 30 0.5 3.5 3 0.57 27.04 1.97 1.37 2.26 20.09 7.10 1.74 3.31 1.74 0.996 2.29 

1 8 50 1.5 6 4.5 0.63 48.09 1.97 1.37 2.26 46.01 3.10 1.18 3.31 4.28 0.997 2.00 

1 8 100 0.5 4.5 4 0.56 35.14 1.97 1.37 2.26 7.28 15.6 1.80 3.31 5.60 0.986 2.87 
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